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Intrinsic·Auto¦Regressipe·Models
SpaVial daVa anal[UiU in SVan

SWe MaTSWe\
DaVa SciePViUV aV The RQckefelleT FQWPdaViQP



/

HK!
a

SWe MaTSWe\, ManageT and DaVa ScienViUV aV The RockefelleT FoWndaVion

PTeXioWUl[, á YaU a DaVa ScienViUV aV BW\\Feed and a SVaViUVical geneViciUV aV The
FeinUVein ánUViVWVe foT Medical ReUeaTch

Hold a GTadWaVe DiRloma in SVaViUVicU and SVochaUVic PToceUUeU fTom Vhe
UniXeTUiV[ of MelboWTne, AWUVTalia.

·

·

·
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SVTWcVWTe Qf VhiU VaNM
a

a

1. MQViXaViPg SWeUViQP: SRike iP caUeU Qf dePgWe iP JaliUcQ.

2. Wh[ Ye caP'V haXe Pice VhiPgU!

3. WhaV aTe CQPdiViQPal AWVQ-RegTeUUiXe OQdelU (CAR)?

4. WhaV iU Vhe iPVTiUic RaTV Qf Vhe áPVTiPUic AWVQ-RegTeUUiXe OQdelU (áCAR)?

5. áORleOePVaViQP Qf áCAR iP SVaP
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MoUiWaUing qVesUion: Spike in cases of
dengVe in Jalisco.
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DePgWe caUeU iP JaNiUcQ
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Jalisco Polygon
(https://datos.jalisco.gob.mx/dataset/mapa-
general-de-jalisco-limite-estatal)

 

JaliUcQ RQl[gQn
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DengWe data
MáDE JaliUcQ (hVVRU://UeRlan.aRR.jaliUcQ.gQb.mZ/mide/RanelCiWdadanQ/VablaDaVQU?
niXelTablaDaVQU=3&ReTiQdicidadTablaDaVQU=anWal&indicadQTTablaDaVQU=772&acciQnReg
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WhZ Xe canhU haWe nice Uhingsþ
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SRaVial aWVQcQTTelaViQn

a

a 

Why we can't have nice things!
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SRaVial aWVQcQTTelaViQn
AWVQcQTTelaViQP is a measurement of similarit[ between close observations of the
same phenomenon.

EZample Yith temporal aWtocorrelation: áf [ou measure [our weight, two observations close in time are ver[
similar than distant ones.

SRaVial aWVQcQTTelaViQP is more nuanced because, unlike time, spatial variables are at
least two-dimensional.

Spatial aWtocorrelation: Describe the eZtent to which two observations from neighboring regions eZhibit higher
correlation than distant ones.
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AWVQcQTTelaViQP iP URaVial daVa

MaiP RTQbleO: if autocorrelation is not exploited in your model, your explanatoy variables coeÞcients will display
an unusual explanatory power, which might be the consequence of of just Õtting spatial noise.

án regression analysis, one of the standard assumptions is that errors are
uncorrelated.

Correlated errors suggest we have additional information in the data that has not
been accounted for in the model as it is.

án the case of spatial data, adjacent residuals tend to be similar and therefore
aWtocorrelated.

·

·

·
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áPiVial SWeUViQP abQWV dePgWe
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SimRle model
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LeV'U add cQXaTiaVeU

AUUWOiPg VhaV everything else dQeU PQV aàecV water capacity VhiU OQdeN UhQWNd be
decePV.
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When ever[thing else contains spatial correlation
We aTe ÕVViPg VhiU

BWV iP TealiV[, Ye haXe VhiU: 

OWr coeÞcient estimates Yill be Yrong!
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Moran's á (autocorrelation statistic)
a

Analogous to the the standard correlation concept.·

Numerator measuring deviatiom from the mean for adjacent units.

Denominator standardi\es the quantity to reÖect the variability of the quantity of
interest.

·

·
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Moran's á (Jalisco data)
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Moran's á VesV (Jalisco daVa)
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Moran's á VesV (Jalisco daVa)
a

MRQWH-CDUOR VLPXODWLRQ RI MRUDQ I 
 
GDWD:  PRUDQBGI$GHQJXHBFDVHV 
ZHLJKWV: OBZHLJKW   
QXPEHU RI VLPXODWLRQV + 1: 601  
 
VWDWLVWLF = 0.21246, REVHUYHG UDQN = 597, S-YDOXH = 0.006656
DOWHUQDWLYH K\SRWKHVLV: JUHDWHU 

21/�3



/

BWV SWe, iU VhiU Teall[ a pToblem in oVheT TeUeaTch
aTeaU?

Kell[, MQTgan, The SVandard Errors of PersisVence (JWne 3, 2019) (hVVRU://RaReTU.UUTn.cQm/UQl3/RaReTU.cfm?
abUVTacV_id=3398303)
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WhaU are CondiUional AVUo-RegressiWe
models (CAR)?
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CondiVional AWVo-RegTeUUiXe modelU (CAR)
a

a

CAR modelU are a claUU of UpaVial modelU WUed Vo eUVimaVe UpaVial aWVocorrelaVion.

TheUe modelU are Yidel[ WUed in Ecolog[, EconomicU and Epidemiolog[.

CAR YaU ÕrUV deXeloped b[ JWlian BeUag in hiU noY claUUic 1974 paper SpaVial
ánVeTacVion and Vhe SVaViUVical Anal[UiU of LaVVice S[UVemU.

·

·

·
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CAR URecKfKcaVKQPU
a

Example: Number of car accidents at the count[ level.

Single aggregated measure per spatial unit, it can be continuous, binar[ or
discrete count.

·

Finite set of non-overlapping spatial units.

For spatial units, the relationship is deÕned in terms of adjacenc[.

·

·
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CAR mQdel
a

Let N be the total number of spatial units from a region.

A neighbor relationship is deÕned as  where .

This relationship is s[mmetric (i.e if  ) but not reÖeZive (i.e. a region
cannot be neighbor of itself).
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1) Adjacenc[ matriZ , deÕning
neighbor relationship.

a

a

Adjacenc[!
There are two matrices describing diàerent measures of adjacenc[ in this model.
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1) Diagonal matrix , deÕning number
of adjacent units.

a

a

Adjacenc[!
There are two matrices describing diàerent measures of adjacenc[ in this model.

28/43



/

CAR mQdel
SRaVial inVeTacVion beVYeen aTeal WniVU iU modelled cQPdiViQPaNN[ aU a noTmall[
diUVTibWVed Tandom XaTiable, TeRTeUenVed b[ Vhe -lengVh XecVoT  (i.e. 

).

TheTefoTe, Vhe condiVional diUVTibWVion of EACH  iU deÕned aU folloYU,

YheTe  iU Vhe YeighVed XalWeU of Vhe neighboTU.

FTom BaneTjee, CaTlin, and Gelfand, 2004, Uec. 3.2, iV folloYU VhaV Vhe joinV
diUVTibWVion 
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CAR mQdel

Recap!

: between 0 and 1, it represents the strength of the spatial association, with 0
meaning spatial independence.

D is our diagonal matrix.

W is the adjacenc[ matrix.

·

·

·
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WhaU is Uhe inUrisic parU of Uhe InUrinsic
AVUo-RegressiWe models (ICAR)?
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The inVTinUic cQndiViQnal aWVQTegTeUUiXe (áCAR)
The diàeTence beVYeen CAR and áCAR iU VhaV Vhe RaTameVeT  iU UeV Vo 1.

HoYeXeT, UeVVing  cTeaVeU a challenge becaWUe  becomeU a UingWlaT
maVTiZ (i.e. non-inXeTVible).

ThankfWll[, inclWding Vhe conUVTainV  UolXeU VhiU challenge.

 = 1

D iU oWT diagonal maVTiZ.

W iU Vhe adjacenc[ maVTiZ.

·

·

·
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PaiTYiUe deTiXaVion
áCAR cQORQPePV KU VJeP deÕPed aU fQNNQYU,

aPd afVeT UQOe aNgebTa, VJe NQg RTQbabKNKV[ dePUKV[ becQOeU:
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SVan iU an open-UoWrce probabiliUVic
programming langWage.

áV'U YriVVen in C++ and and genrall[
Upeaking, iV iU WUed Vo Upecif[ Ba[eUian
UVaViUVical modelU.

SVan eUVimaVe parameVerU b[ calcWlaVing
Vhe lQg RTQbabiliV[ dePUiV[. (Tr[
mWlVipl[ing a large nWmber of
obUerXaVionU YiVh Vin[ nWmberU, [oW Yill
qWickl[ rWn inVo nWmerical errorU.)

Stan
a
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SVaP mQdel UVTWcVWTe
// TKH LQSXW GDWD LV D YHFWRU '\' RI OHQJWK 'N'.
GDWD 
^ 
  LQW<ORZHU=0> N; 
  YHFWRU>N@ \; 
`
 
 
// TKH SDUDPHWHUV DFFHSWHG E\ WKH PRGHO. 
SDUDPHWHUV ^ 
  UHDO PX; 
  UHDO<ORZHU=0> VLJPD; 
` 
 
// TKH PRGHO ZKHUH '\' LV QRUPDOO\ GLVWULEXWHG ZLWK PHDQ 'PX' 
// DQG VWDQGDUG GHYLDWLRQ 'VLJPD'. 
PRGHO ^ 
  \ a QRUPDO(PX, VLJPD); 
` 
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SVaP mQdel UVTWcVWTe
GDWD 
^ 
  LQW<ORZHU=0> N; // QXPEHU RI REV 
  LQW<ORZHU=0> K; // QXPEHU RI FROV LQ GHVLJQ PDWUL[ 
  LQW<ORZHU=0> NBHGJHV; 
  LQW<ORZHU=1, XSSHU=N> QRGH1>NBHGJHV@;  // QRGH1>L@ DGMDFHQW WR QRGH2>L@ 
  LQW<ORZHU=1, XSSHU=N> QRGH2>NBHGJHV@;  // DQG QRGH1>L@ < QRGH2>L@ 
 
  LQW<ORZHU=0> \>N@;    // FRXQW RXWFRPHV 
  PDWUL[>N,K@ X;        //WKH PRGHO PDWUL[ 
  YHFWRU<ORZHU=0>>N@ E; // H[SRVXUH 
 
`
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SVaP mQdel UVTWcVWTe
IXQFWLRQV ^ 
  UHDO LFDUBQRUPDOBOSGI(YHFWRU SKL, LQW N, LQW>@ QRGH1, LQW>@ QRGH2) ^ 
    UHWXUQ -0.5 * GRWBVHOI(SKL>QRGH1@ - SKL>QRGH2@); 
 ` 
 
SDUDPHWHUV ^ 
  UHDO EHWD0;             // LQWHUFHSW 
  YHFWRU>K@ EHWD;         //WKH UHJUHVVLRQ SDUDPHWHUV 
  UHDO<ORZHU=0> VLJPD;    // RYHUDOO VWDQGDUG GHYLDWLRQ 
  YHFWRU>N@ SKL;         // VSDWLDO HIIHFWV 
` 
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SVaP mQdel UVTWcVWTe
PRGHO ^ 
  \ a SRLVVRQBORJ(ORJBE + EHWD0 + X * EHWD + SKL * VLJPD); 
  EHWD0 a FDXFK\(0,2); 
 
  IRU(L LQ 1:K) 
    EHWD>L@ a QRUPDO(0.0, 1.0); 
 
  VLJPD a QRUPDO(0.0, 1.0); 
  SKL a LFDUBQRUPDOBOSGI(N, QRGH1, QRGH2); 
  // VRIW VXP-WR-]HUR FRQVWUDLQW RQ SKL 
  VXP(SKL) a QRUPDO(0, 0.001 * N); 
` 
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FiVViPg diffeTePV OQdelU

a) Model with onl[ water capacit[ as a covariate.

b) Model with water capacit[ and population densit[ as covariates

d) Model with water capacit[, pop densit[ and an áCAR component (Stan)
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FiVViPg diffeTePV OQdelU
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Thank [ou

Mitzi Morris - Stan

Evan Tachovsky - The Rockefeller
Foundation

Jim Savage - Schmidt Futures
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