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Hierarchical Forecasting in Python
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Setting: you are the minister of
tourism In Australia
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Question: how many tourists are
going to visit Australia?
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e How should we staff the airports?

e How will the economy grow?

.
-
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Australia’s has: 7 states, 27 zones
and 76 regions.

State

Australian Capital Territory
New South Wales
Northern Territory
Queensland

South Australia

Tasmania

Victoria

Western Australia
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We need forecasts for the whole of
Australia, for each of the states,
territories, and regions.
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Table A2: Australian Tourism flows.

Geographical Series per Series per Total
Level Level Level & Purpose SR
Australia 1 4 5
States i 28 35
Zones 27 108 135
Regions 76 304 380
Total 111 444 555




Approach 1: Bottom UP
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Approach 2: Top Down
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Approach 3: forecast all series!
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How to forecast hundreds or
millions of series?
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Open Source Time Series Ecosystem

() stars 5k

StatsForecast & MLForecast @ NeuralForecast

Lightning fast forecasting with
statistical and econometri
models.

Scalable machine learning for Scalable and user friendly
time series forecasting. neural forecasting algorithms
e series data.

) Github ) Github () Github



pip tnstall mlforecast
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import lightgbm as 1lgb

from mlforecast import MLForecast

from window_ops.expanding import expanding_mean
from window_ops.rolling import rolling_mean

# Create an instance of MLForecast with specified models, frequency, differences, lags, and lag_transforms
mlf = MLForecast(
models=[1gb.LGBMRegressor()], # List of models to use, in this case, a LightGBM Regressor

freq="'MS', # Frequency of the time series data (monthly start)
differences=[12], # List of differences to apply, in this case, a seasonal difference of 12 periods
lags=[1, 12], # List of lags to use as features, in this case, lags of 1 and 12 periods
lag_transforms={ # Dictionary of lag transformations to apply on the selected lags

1: [expanding_mean], # Apply expanding mean transformation on the 1-period lag

12: [(rolling_mean, 24)], # Apply rolling mean transformation with a window size of 24 on the 12-period lag
b
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# Fit the MLForecast model to the tourism dataset

mlf. fit(
tourism_df, # Input dataset (Tourism)
id_col="'unique_id"', # Column containing unique time series identifiers
time_col='ds’, # Column containing timestamps
target_col='"y' # Column containing the target variable to forecast

)

# Generate forecasts using the MLForecast model for 12 steps ahead
base_forecasts_df = mlf.predict(12)
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THIS IS FINE.
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Why is the national forecast
different from the sum of all the
states!?
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Problem: the forecast at different
levels don’t add up.
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What is the optimal solution?
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Hierarchical Reconciliation
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Notation

/

(

\

e

YTotal c

\
\
\
|

{\ yﬂzvf + }7/}4,1
\ /,

The example’s hierarchical, aggregated and base series are:

YTotal,r = YBi,7 =+ Ypga,r + Yps,r = Ypa,r

Yial,r = [YTotalrs Ypi,r + Ysayrs Ys,r + Ysuyr]'

Ypl,r = [y,Bl,7'7 YBa, 1y Yps,m yﬂ4,T]T

The summing matrix of the example can be written as:

Sta) ]

Iijm)

1 111
1100
0 011
1 000
0100
0010
0 001
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2 Step Reconciliation Strategies

5 Nq+N, )
Two-stage process, first a set of base forecasts ~ ¥Y[a,b],r € RHe N5 is created and
then adapted into coherent forecasts S’[a,b],’l’

They can be expressed by:

S’[a,b],'r = HPy[CL,b],T

With the hierarchical constraints matrix and a projection matrix P € RNox (Na+Ny)

Gross, C. W, & Sohl, J. E. (1990). Disaggregation methods to expedite product line forecasting. Journal of Forecasting, 9, 233-254. Available at
https://onlinelibrary.wiley.com/doi/abs/10.1002/for.3980090304.
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https://onlinelibrary.wiley.com/doi/abs/10.1002/for.3980090304

Statistical Approach:
Minimize Variance
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74 MONASH

University
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MinTrace

Wickramasuriya et al. (2019) show that the variance-covariance matrix of the h-step-ahead coherent forecast errors is
given by

Vi = Var (yron — yn) = HPW, PTHT

Where W), = Var (yr.n — ¥1) is the variance-covariance matrix of the corresponding base forecast errors.

Wickramasuriya et al. (2019) show that the matrix P which minimizes the trace of V}, (the sum of all the error variances)
such that H PH = P, is given by,

Tyir—1 \—1 77T 1r7—1
P=(H"W,"'H I W,
Therefore, the optimally reconciled forecasts are given by,
Vi =HGY, = HH"W, 'H)"*H"W 'y,
To use this in practice, we need to estimate W}, the forecast error variance of the h-step-ahead base forecasts. Usually,

the matrix can be approximated (for example W}, = kI recovers the ols method).
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ERM

The Empirical Risk Minimization reconciliation strategy (Taieb et al., 2019) relaxes the unbiasedness assumptions from
previous reconciliation methods like MinT and optimizes square errors between the reconciled predictions and the
validation data to obtain an optimal reconciliation matrix P.

The exact solution for P follows the expression:

P*=(HH) 'yI§n (¥n9n) "

The alternative Lasso regularized P solution is useful when the observations of validation data is limited or the exact
solution has low numerical stability.

P* = argminp||y, — HP34|[5 + Al|P — Paullx
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That sounds hard.
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Open Source Time Series Ecosystem

() stars 5k
StatsForecast & MLForecast < NeuralForecast
Lightning fast forecasting with Scalable machine learning for Scalable and user friendly

statistical and econometric

models.

time series forecasting. neural forecasting algorithms

for time series data.

) Github ) Github ) Github

¢4 Hierarchical Forecast . TS features

Calculates various features
from time series data. Python
implementation of the R
package tsfeatures.

Probabilistic Hierarchical
forecasting with statistical and
econometric methods.

) aithub ) Github



pip install hierarchicalforecast
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# Import aggregate function to construct hierarchies,
# summing matrix (H), and tags
from hierarchicalforecast.utils import aggregate

# Define different hierarchy levels
hierarchies = [['Country'], ['Country', 'State'l, ['Country', 'State', 'Region']]

# Use aggregate function to create hierarchical time series dataframe, summing matrix (H), and tags

tourism_df, H_df, tags = aggregate(
bottom_tourism_df, # Input bottom-level time series
spec=hierarchies # Specify hierarchies to be created
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# Import HierarchicalReconciliation class gy wa En s

from hierarchicalforecast.core import HierarchicalReconciliation

# Instantiate the HierarchicalReconciliation object with a list of reconcilers
hrec = HierarchicalReconciliation(
reconcilers=[
MinTrace(method='ols', nonnegative=True), # Minimum trace method using OLS with nonnegative constraints
ERM(method="closed"'), # Empirical Risk Minimization using the closed form solution
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# Reconcile the base forecasts using the HierarchicalReconciliation object
reconciled_fcsts_df = hrec.reconcile(

base_forecasts_df, # Base forecasts dataframe

summing_matrix_df, # Summing matrix dataframe

tags, # Hierarchy tags

fitted_values_df # Fitted values dataframe
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What about uncertainty
quantification?
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Not all errors are the same.

a

Probability \

= ' = Demand

Decrease Stock Realized Increase Stock
Increase cost of lost sales Demand Decrease cost of lost sales
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Ok... that sounds hard.
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# Fit the model to the tourism_df dataset

mlf.fit(

tourism_df,

id_col="unique_id', # Unique identifier column

time_col="'ds’, # Timestamp column

target_col='y", # Target variable column

prediction_intervals=PredictionIntervals( # Prediction intervals configuration
n_windows=4, # Number of cross validation windows (conformal scores)
window_size=12, # forecast horizon (1 year)

)

# Generate predictions for the next 12 months and produce 80, and 90 prediction intervals
base_forecasts_df = mlf.predict(12, level=[80, 90])
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Confidence Intervals with Conformal

Prediction
# Fit the model to the tourism_df dataset
mifsFity
tourism_df,
id_col='unique_id", # Unique identifier column
time_col='ds’', # Timestamp column
target_col='y"', # Target variable column '
prediction_intervals=PredictionIntervals( # Prediction intervals configuration
n_windows=4, # Number of cross validation windows (conformal scores)
window_size=12, # forecast horizon (1 year)

)

# Generate predictions for the next 12 months and produce 80, and 90 prediction intervals
base_forecasts_df = mlf.predict(12, level=[80, 90])
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# Fit the model to the tourism_df dataset

mlf.fit(
tourism_df,
id_col="unique_id',
time_col="'ds’,
target_col='y",

n_windows=4,
window_size=12,

)

# Generate predictions for the next 12 months and pr

base_forecasts_df = mlf.predict(12,

# Unique identifier column

# Timestamp column

# Target variable column
prediction_intervals=PredictionIntervals( # Prediction intervals configuration
# Number of cross validation windows (conformal scores)
# forecast horizon (1 year)

oduce 80, and 90 prediction intervals

level=[80, 90])
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1 # Reconcile the base forecasts using the HierarchicalReconciliation object
2 reconciled_fcsts_df = hrec.reconcile(

3

0o ~NdOYWU B

base_forecasts_df,
summing_matrix_df,
tags,
fitted_values_df,
level=[80, 90],

# Base forecasts dataframe
# Summing matrix dataframe
# Hierarchy tags

# Fitted values dataframe
# Prediction intervals
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1 # Reconcile the base forecasts using the HierarchicalReconciliation object
2 reconciled_fcsts_df = hrec.reconcile(

3

0o ~NdOYWU B

base_forecasts_df,
summing_matrix_df,
tags,
fitted_values_df,

level=[80, 90],

# Base forecasts dataframe
# Summing matrix dataframe
# Hierarchy tags

# Fitted values dataframe
# Prediction intervals
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A

Warning!
Scientists at work
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Problems with classical
approaches
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Normality assumption
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Univariate approach
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Complex pipeline (2 steps)
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Solution?
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Hierarchical Mixture Networks
(HINT)
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Flexible (mixture) and efficient
(composite likelihood) multivariate
probability.
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Expands vast collection of neural
forecasting methods in a single
framework.
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Mixtures Mesh

Probabilistic Coherent Distribution

A probabilistic hierarchical coherent distribution, is a multivariate forecasting system that
satisfies that for a set of random variables (A, B C) with C = A+ B.
) )

The marginal distributions satisfy:

P(A)=) P(A,B) and P(B)=)» P(4,B)
B A

P(C)=> P(A,B)1(C = A+B)

AB
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Poisson Mixtures Mesh

The foundation of HINT models is the assumption that the joint distribution of a a time

series Y[b)[t+1:t+H] is described by a Mixture distribution with the component matching
assumption, that achieves by construction probabilistic hierarchical coherence.

04

03

Ni
P(Y[b][t+1:t+H]) = zwk H Poisson(ys,r | Ag,r)
k=1 (B,7)€[b][t+1:t+H]

Density
=)
[

Count
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Gaussian Mixture Mesh

The foundation of HINT models is the assumption that the joint distribution of a a time series
is described by a Mixture distribution with the component matching assumption, that achieves by
construction probabilistic hierarchical coherence.

0.4
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We reached the maximum
number of allowed equations...
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Hierarchically Linked Series for AAAHol
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Naive Approach (Independence)
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Informed approach
(Correlation Groups)

Hierarchically Linked Series for AAAHol
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Why is this cool?
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Now you can do hierarchical
forecasting with your favorite
deep learning model
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OKk... but this time it must be
hard...
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nixtla

Open Source Time Series Ecosystem

() stars 5k
StatsForecast @ MLForecast < NeuralForecast
Lightning fast forecasting with Scalable machine learning for Scalable and user friendly
statistical and econometric time series forecasting. neural forecasting algorithms
models. for time series data.
) Github ) Github () Github



pip wnstall neuralforecast




Let’s fit a hierarchical coherent
LSTM with a PMM
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from neuralforecast import NeuralForecast
from neuralforecast.models import NHITS, LSTM, HINT
from neuralforecast.losses.pytorch import GMM, PMM

# Base models
# LSTM with Poisson Mixture
lstm = LSTM(h=12,

loss=PMM(n_components=2, num_samples=100, quantiles=list(np.arange(100)/100)))

# Hierarchical Reconciliation using LSTM model

lstm_hint = HINT(h=12, model=1stm, H=H_df, group_level=1, reconciliation='bottom_up"')

# Fit and Predict
fcst = NeuralForecast(
models=[1stm_hint], # Define models
freq='MS’, # Monthly frequency
)
fcst.fit(df=tourism_df) # Fit neuralforecast
forecasts = fcst.predict() # Predict using trained model
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from neuralforecast import NeuralForecast
from neuralforecast.models import NHITS, LSTM, HINT
from neuralforecast.losses.pytorch import GMM, PMM

# Base models
# LSTM with Poisson Mixture
lstm = LSTM(h=12,

loss=PMM(n_components=2, num_samples=100, quantiles=1list(np.arange(100)/100)))

# Hierarchical Reconciliation using LSTM model

lstm_hint = HINT(h=12, model=1stm, H=H_df, group_level=1, reconciliation='bottom_up"')

# Fit and Predict
fcst = NeuralForecast(
models=[1lstm_hint], # Define models
freq='MS’, # Monthly frequency
)
fcst.fit(df=tourism_df) # Fit neuralforecast
forecasts = fcst.predict() # Predict using trained model
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from neuralforecast import NeuralForecast
from neuralforecast.models import NHITS, LSTM, HINT
from neuralforecast.losses.pytorch import GMM, PMM

# Base models
# LSTM with Poisson Mixture

lstm = LSTM(h=12,
loss=PMM(n_components=2, num_samples=100, quantiles=1list(np.arange(100)/100)))

# Hierarchical Reconciliation using LSTM model
lstm_hint = HINT(h=12, model=1stm, H=H_df, group_level=1, reconciliation='bottom_up"')

# Fit and Predict
fcst = NeuralForecast(
models=[1lstm_hint], # Define models
freq='MS’, # Monthly frequency
)
fcst.fit(df=tourism_df) # Fit neuralforecast
forecasts = fcst.predict() # Predict using trained model
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from neuralforecast import NeuralForecast
from neuralforecast.models import NHITS, LSTM, HINT
from neuralforecast.losses.pytorch import GMM, PMM

# Base models
# LSTM with Poisson Mixture
lstm = LSTM(h=12,

loss=PMM(n_components=2, num_samples=100, quantiles=1list(np.arange(100)/100)))

# Hierarchical Reconciliation using LSTM model

lstm_hint = HINT(h=12, model=1stm, H=H_df, group_level=1, reconciliation='bottom_up"')

# Fit and Predict
fcst = NeuralForecast(
models=[1lstm_hint], # Define models
freq='MS’, # Monthly frequency
)
fcst.fit(df=tourism_df) # Fit neuralforecast
forecasts = fcst.predict() # Predict using trained model
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from neuralforecast import NeuralForecast
from neuralforecast.models import NHITS, LSTM, HINT
from neuralforecast.losses.pytorch import GMM, PMM

# Base models
# LSTM with Poisson Mixture
lstm = LSTM(h=12,

loss=PMM(n_components=2, num_samples=100, quantiles=1list(np.arange(100)/100)))

# Hierarchical Reconciliation using LSTM model

lstm_hint = HINT(h=12, model=1stm, H=H_df, group_level=1, reconciliation='bottom_up"')

# Fit and Predict
fcst = NeuralForecast(

models=[1lstm_hint], # Define models

freq='MS’, # Monthly frequency
)
fcst.fit(df=tourism_df) # Fit neuralforecast
forecasts = fcst.predict() # Predict using trained model
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Let’s include a hierarchical
coherent NHITS with a GMM
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from neuralforecast import NeuralForecast
from neuralforecast.models import NHITS, LSTM, HINT
from neuralforecast.losses.pytorch import GMM, PMM

# Base models
# LSTM with Poisson Mixture
Istm = LSTM(h=12,
loss=PMM(n_components=2, num_samples=100, quantiles=list(np.arange(100)/100)))

# NHITS with Gaussian Mixture
nhits = NHITS(h=12,
input_size=24,
loss=GMM(n_components=2, num_samples=100, quantiles=list(np.arange(100)/100)))

# Hierarchical Reconciliation using LSTM model

1stm_hint = HINT(h=12, model=1lstm, H=H_df, group_level=1, reconciliation='bottom_up"')
# Hierarchical Reconciliation using NHITS model

nhits_hint = HINT(h=12, model=nhits, H=H_df, group_level=1, reconciliation='bottom_up')

# Fit and Predict
fcst = NeuralForecast (
models=[1lstm_hint, nhits_hint], # Define models
freq='MS"', # Monthly frequency
)
fcst.fit(df=tourism_df) # Fit neuralforecast

forecasts = fcst.predict # Predict using trained model .
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from neuralforecast import NeuralForecast
from neuralforecast.models import NHITS, LSTM, HINT
from neuralforecast.losses.pytorch import GMM, PMM

# Base models
# LSTM with Poisson Mixture
Istm = LSTM(h=12,
loss=PMM(n_components=2, num_samples=100, quantiles=list(np.arange(100)/100)))

iy
[N ]

=
[S]

AL

# NHITS with Gaussian Mixture
nhits = NHITS(h=12,
input_size=24,
loss=GMM(n_components=2, num_samples=100, quantiles=list(np.arange(100)/100)))

NNNNNNNRRRRRR
OUDWNRER®WOWOONOGO WL

# Hierarchical Reconciliation using LSTM model

1stm_hint = HINT(h=12, model=1lstm, H=H_df, group_level=1, reconciliation='bottom_up"')
# Hierarchical Reconciliation using NHITS model

nhits_hint = HINT(h=12, model=nhits, H=H_df, group_level=1, reconciliation='bottom_up')

# Fit and Predict
fcst = NeuralForecast (
models=[1lstm_hint, nhits_hint], # Define models
freq='MS', # Monthly frequency
)
fcst.fit(df=tourism_df) # Fit neuralforecast

forecasts = fcst.predict # Predict using trained model .
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from neuralforecast import NeuralForecast
from neuralforecast.models import NHITS, LSTM, HINT
from neuralforecast.losses.pytorch import GMM, PMM

# Base models
# LSTM with Poisson Mixture
Istm = LSTM(h=12,
loss=PMM(n_components=2, num_samples=100, quantiles=list(np.arange(100)/100)))

# NHITS with Gaussian Mixture
nhits = NHITS(h=12,
input_size=24,
loss=GMM(n_components=2, num_samples=100, quantiles=list(np.arange(100)/100)))

# Hierarchical Reconciliation using LSTM model
1stm_hint = HINT(h=12, model=1lstm, H=H_df, group_level=1, reconciliation='bottom_up"')
# Hierarchical Reconciliation using NHITS model

nhits_hint = HINT(h=12, model=nhits, H=H_df, group_level=1, reconciliation='bottom_up')

# Fit and Predict
fcst = NeuralForecast (
models=[1lstm_hint, nhits_hint], # Define models
freq='MS', # Monthly frequency
)
fcst.fit(df=tourism_df) # Fit neuralforecast

forecasts = fcst.predict # Predict using trained model .
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Wrap Up
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¢4 Hierarchical Forecast

Probabilistic Hierarchical
forecasting with statistical and
econometric methods.

) Github

& NeuralForecast

Scalable and user friendly

neural forecasting algorithms
for time series data.

() Github

« MLForecast

Scalable machine learning for
time series forecasting.

O Github
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